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Abstrat.
For α, β, δ ∈ [0, 1], α+ β = 1 we onsider sets
BAD∗(α, β; δ) =
{
ξ = (ξ1, ξ2) ∈ [0, 1]
2 : inf
p∈N
max{(p log(p+ 1))α||pξ1||, (p log(p+ 1))
β||pξ2||} > δ
}
.
We prove that for dierent (α1, β1), (α2, β2), α1 + β1 = α2 + β2 = 1 and δ small enough
BAD∗(α1, β1; δ)
⋂
BAD∗(α2, β2; δ) 6= ∅.
Our result is based on A. Khinthine's onstrution and an original method due to Y. Peres and W.
Shlag.
1. Introdution.
For α, β ∈ [0, 1] under ondition α + β = 1 and δ ∈ (0, 1/2) we onsider the sets
BAD(α, β; δ) =
{
ξ = (ξ1, ξ2) ∈ [0, 1]
2 : inf
p∈N
max{pα||pξ1||, p
β||pξ2||} > δ
}
(here || · || denotes the distane to the nearest integer) and
BAD(α, β) =
⋃
δ>0
BAD(α, β; δ).
In [1℄ W.M. Shmidt onjetured that for any α1, α2, β1, β2 ∈ [0, 1], α1 + β1 = α2 + β2 = 1 the
intersetion
BAD(α1, β1)
⋂
BAD(α2, β2)
1
Researh is supported by grants RFFI 06-01-00518 and INTAS 03-51-5070
1
is not empty. This onjeture is still open. Up to now it is only known that for any α, β ∈ [0, 1], α+
β = 1 the set
BAD(1, 0)
⋂
BAD(α, β)
⋂
BAD(0, 1)
is not empty. In fat A. Pollington and S. Velani [2℄ proved that this intersetion has Hausdor
dimension equal to 2. Some multidimensional generalizations are due to S. Kristensen, R. Thorn, S.
Velani [3℄ and R. Akhunzhanov [4℄. We would like to note that the papers [2℄,[3℄,[4℄ mentioned above
use H. Davenport's approah [5℄,[6℄.
In the present paper we onsider sets
BAD∗(α, β; δ) =
{
ξ = (ξ1, ξ2) ∈ [0, 1]
2 : inf
p∈N
max{(p log(p+ 1))α||pξ1||, (p log(p+ 1))
β||pξ2||} > δ
}
.
Obviously
BAD(α, β; δ) ⊆ BAD∗(α, β; δ).
As the series
∑
∞
p=1
1
p log(p+1)
diverges one an easy see that the set
BAD∗(α, β) =
⋃
δ>0
BAD∗(α, β; δ)
has Lebesgue measure equal to zero.
The aim of this paper is to prove that the intersetion of the sets BAD∗(α, β; δ) is not empty.
Theorem 1. Let α1, α2, β1, β2 ∈ [0, 1], α1 + β1 = α2 + β2 = 1 and 0 < δ 6 2
−20. Then the set
BAD(0, 1; δ)
⋂
BAD∗(α1, β1; δ)
⋂
BAD∗(α2, β2; δ)
is not empty.
The proof is based on old onstrution due to A. Khinthine [7℄ and reent arguments due to Y.
Peres and W. Shlag [8℄. It is possible to prove by our method that the intersetion of any nite
olletion of the sets of the type Bj =
⋃
δ>0 BAD
∗(αj, βj ; δ) with αj + βj = 1, j = 1, ..., d has positive
Hausdor dimension. Also our two-dimensional result admit multidimensional generalizations.
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2. Bohr sets.
For real ξ dene
H
(β)
ξ (p, q) =
{
x ∈ N : p < x 6 q, ||xξ|| 6
δ
(p log(p+ 1))β
}
and
K
(β)
ξ (p, q) =
{
x ∈ N : p < x 6 q, ||xξ|| 6
δ
(x log(x+ 1))β
}
⊆ H
(β)
ξ (p, q).
We dene ξ ∈ R to be is a δ-badly approximable number if infp∈N p||pξ|| > δ. For δ-badly
approximable number ξ and any real number η the pair (η, ξ) belongs to BAD(0, 1; δ).
Lemma 2. For a δ-badly approximable number ξ the following inequality is valid:
#H
(β)
ξ (p, 2p) 6
(24δ + 2)pα
(log(p+ 1))β
.
Proof. The number of elements in H
(β)
ξ (p, 2p) is bounded by the number of integer points in the
region
Ω(p) =
{
(x, y) ∈ R2 : 0 6 x 6 2p, |xξ − y| 6
δ
(p log(p + 1))β
}
.
We should note that (0, 0) ∈ Ω(p) but (0, 0) 6∈ H
(β)
ξ (p, 2p). Hene the number of integer points in
H
(β)
ξ (p, 2p) does not exeed the number of integer points in Ω(p) minus one.
For The measure of Ω(p) we have
µ (Ω(p)) =
4δpα
(log(p+ 1))β
. (1)
Let there exists an integer primitive point (p0, a0) ∈ Ω(p), p0 > 1 (otherwise #H
(β)
ξ (p, 2p) = 0).
As ξ is a δ-badly approximable number we have
δ
p0
6 |p0ξ − a0| 6
δ
(p log(p+ 1))β
and p0 > (p log(p+ 1))
β
. Now we onsider two ases.
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In the rst ase we suppose that all integer points in Ω(p) are of the form λ(p0, a0) with integer
λ. Then the number of suh points does not exeed [2p/p0]+1 6 2p/(p log(p+1))
β+1 = 2p
α
(log(p+1))β
+1
and lemma follows.
In the seond ase the onvex hull of all integer points in the region Ω(p) is a onvex polygon Π
with integer verties. Let m be the number of integer points in Ω(p). Then m = m1 +m2 > 3 where
m1 is the number of integer points inside Π and m2 is the number of integer points on the boundary
of polygon Π. Aording to Pik's formula we have
m
6
6 m1 +
m2
2
− 1 = µ(Π) 6 µ(Ω).
Now lemma follows from (1).
Corollary 3. Put q =
[
p2
δ
log p
2
δ
]
+ 1 and let δ < 1/24. Then for a δ-badly approximable
number ξ and α ∈ [0, 1] one has
∑
x∈K
(β)
ξ
(p,q)
1
(x log(x+ 1))α
6 26(1 + log(1/δ)).
Proof.
∑
x∈K
(β)
ξ
(p,q)
1
(x log(x+ 1))α
6
[log(q/p))]∑
ν=0
∑
x∈H
(β)
ξ
(2νp,2ν+1p)
1
(x log(x+ 1))α
6
[log(q/p)]∑
ν=0
#Hβ(2
νp, 2ν+1p)
(2νp log(p+ 1))α
.
Applying Lemma 2 we obtain
∑
x∈K
(β)
ξ
(p,q)
1
(x log(x+ 1))α
6
4(24δ + 2)
log(p+ 1)
[log(q/p)]∑
ν=0
1 6 26(1 + log(1/δ)),
and Corollary 2 follows.
3. Sets of reals.
For integers 1 6 x, 0 6 y 6 x dene
Eα(x, y) =
(
y
x
−
δ
x1+α(log(x+ 1))α
,
y
x
+
δ
x1+α(log(x+ 1))α
)
, Eα(x) =
x⋃
y=0
Eα(x, y)
⋂
[0, 1]. (2)
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Dene
l(0, α) = 0, l(x, α) =
[
log(x1+α(log(x+ 1))α/2δ)
log 2
]
, x ∈ N. (3)
Eah segment form the union Eα(x) from (2) an be overed by a dyadi interval of the form
(
b
2l(x,α)
,
b+ z
2l(x,α)
)
, z = 1, 2.
Let Aα(x) be the smallest union of all suh dyadi segments whih over the whole set Eα(x).
Dene
Acα(x) = [0, 1] \ Aα(x).
Then
Acα(x) =
τν⋃
ν=1
Iν
where losed segments Iν are of the form
[
a
2l(x,α)
,
a+ 1
2l(x,α)
]
, a ∈ Z. (4)
Now we take to be a δ-badly approximable number and reals α1, α2, β2, β2 from our Theorem 1.
Let for onveniene
max{α1, α2} = α1.
Dene B0 = [0, 1]. For q > 1 we onsider sets
Bq =

 ⋂
x∈K
(β1)
ξ
(0,q)
Acα1(x)

⋂

 ⋂
x∈K
(β2)
ξ
(0,q)
Acα2(x)

 .
For q > 0 these sets an be represented in the form
Bq =
Tq⋃
ν=1
Jν
⋃
B′q
where segments Jν are of the form
[
b
2l(q,α1)
,
b+ 1
2l(q,α1)
]
, b ∈ Z (5)
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and B′q onsist of only nitely many points.
We should note that for any q the set Bq is a losed set and the sequene of these sets is nested:
B1 ⊇ B2 ⊇ · · · ⊇ Bq ⊇ · · · .
Hene to prove Theorem 1 it is suient to nd an innite sequene of values of q for whih the sets
Bq are nonempty.
3. Lower bounds for µ(Bq).
Lemma 4. Let µ(Bq) 6= 0. Then for every i ∈ {1, 2} and for
x >
q2
δ
log
q2
δ
(6)
one has
µ
(
Bq
⋂
Aαi(x)
)
6
8δµ (Bq)
(x log(x+ 1))αi
.
Proof. Write
Bq =
Tq⋃
ν=1
Jν
⋃
B′q, Aαi(x) =
τx⋃
k=1
Ik,
where Jν are of the form (5) and Ii are of the form (4) with α = αi. Let Ik ∩ Jν 6= ∅. Remember
that Eαi(x) ⊆ Aαi(x) Then for some natural y we have
y
x
∈
[
b
2l(q,αi)
−
1
2l(x,αi)
,
b+ 1
2l(q,αi)
+
1
2l(x,αi)
]
The quantity y here an take not more than
W =
[(
1
2l(q,αi)
+
2
2l(x,αi)
)
x
]
+ 1
values. Now
µ
(
Jν
⋂
Aαi(x)
)
6 µ (Ik)W
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and
µ
(
Bq
⋂
Aαi(x)
)
6 µ (Ik)WTq = µ (Bq)×
2l(q,αi)
2l(x,αi)
×
(
3x
2l(q,αi)
+ 1
)
= µ (Bq)×
(
3x
2l(x,αi)
+
2l(q,αi)
2l(x,αi)
)
.
From (3) we see that
x
2l(x,αi)
6
2δ
(x log(x+ 1))αi
.
From (6) it follows that x/ log(x+ 1) > q2/δ. Hene
2l(q,αi)
2l(x,αi)
6 2×
q1+αi
x1+αi
6
2
(x log(x+ 1))αi
×
q2
x/ log(x+ 1)
6
2δ
(x log(x+ 1))αi
.
Now Lemma 4 follows.
Lemma 5. Let 0 < δ 6 2−20. Let q1 =
[
q2
δ
log q
2
δ
]
+ 1, q2 =
[
q21
δ
log
q21
δ
]
+ 1. Let we know that
µ (Bq1) >
µ (Bq)
2
> 0. (7)
Then
µ (Bq2) >
µ (Bq1)
2
.
Proof. As
Bq2 = Bq1 \



 ⋃
x∈K
(β1)
ξ
(q1,q2)
Aα1(x)

⋃

 ⋃
x∈K
(β2)
ξ
(q1,q2)
Aα2(x)




we see that
µ (Bq2) > µ (Bq1)−
2∑
i=1
∑
x∈K
(βi)
ξ
(q1,q2)
µ (Bq1 ∩ Aαi(x)) . (8)
But
Bq1 ∩ Aαi(x) ⊆ Bq ∩ Aαi(x).
Applying Lemma 4 we have
µ (Bq1 ∩Aαi(x)) 6 µ (Bq ∩Aαi(x)) 6
8δµ (Bq)
(x log(x+ 1))αi
.
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To ontinue this estimate we use (7) and obtain
µ (Bq1 ∩ Aαi(x)) 6
16δµ (Bq1)
(x log(x+ 1))αi
. (9)
Then (8,9) lead to the inequality
µ (Bq2) > µ (Bq1)

1− 16δ ×
2∑
i=1
∑
x∈K
(βi)
ξ
(q1,q2)
1
(x log(x+ 1))αi

 .
For the last two inner sums we use Corollary 3 with p = q1, q = q2. We should take into aount that
from the ondition δ < 2−20 we have 29δ(1 + log(1/δ)) 6 1/2. Now Lemma 5 follows.
Theorem 1 follows from Lemma 5. Dene q0 = 0, qν+1 =
[
q2ν
δ
log q
2
ν
δ
]
+ 1. As µ(B0) = 1 from
Lemma 5 we have µ(Bqν) > 2
−ν
. It means that
⋂
q∈NBq 6= ∅.
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